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Abstract 

The aim of this paper is to give a simple ordinal-free proof of the cut- 
ehmination theorem for an impredicative subsystem of Hi-analysis with 
w-rule containing IDi . A derivation d in this system is transformed into a 
derivation g{d) with f2-rule introduced by W. Buchholz in such a way that 
one cut-elimination step performed on a derivation d corresponds under 
g to passing to a subderivation of a derivation g{d). The termination of 
reduction steps follows by transfinite induction on the height of g{d). 

1 Introduction 

The aim of this paper is to give a simple ordinal- free proof of the cut-elimination 
theorem for an impredicative subsystem of n}-analysis with w-rule containing 
IDi. 

We embed cut-elimination process for an ordinary formulation of an im- 
predicative subsystem of IlJ-analysis with w-rule (denoted by BI) to the process 
due to W. Buchholz [H O [5]: a derivation d in BI (with cut) is translated 
into a derivation g{d), using f2-rule introduced by W. Buchholz. The system 
with r2-rule (denoted by BI^), the cut-elimination procedure introduced by W. 
Buchholz and his termination proof for cut-elimination are described in Section 
3. 

The central part of the present paper is the proof (in section 6) that one 
cut-elimination step performed on a derivation d in BI corresponds to passing 
to a subderivation of g{d) having smaller ordinal height: 

BI : d """^ ) red{d) 
Bl" : g{d) — ^ g{red{d)) 
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where g{d) > g{red{d)) means that the height of g{d) is greater than the 
height of g{red{d)), and redid) denotes the result of applying a (cut-elimination) 
reduction step red to d. This diagram holds for all cases except when d essen- 
tially ends in w-rule: d = ^yxA(x){dn)n&uj- Then g{d) also ends in "the same" 
w-rule, and (with the same exception) g{dn) < g(r{dn)) for all n S w. Now the 
termination of red (suitably defined for w-rule) follows by transfinite induction 
on (the height of) g{d). Like other procedures using fi-rule, our cut-elimination 
result is established for derivations in BI of arithmetical formulas. 

In fact reductions applied to g{d) produce derivations in a wider system BI 
allowing to record intermediate steps of cut-elimination using symbols R, E,... 
for operations TZ (one step cut- reduction) , £ (reduction of cut-degree of all cuts 
by 1), etc. This apparatus was first introduced by W. Buchholz [3] to give a 
finite term rewriting system for continuous cut-elimination. Syntactically a rule 
like E looks like Repetition: 

{E)y {Rep)f 

This corresponds to the fact that the last sequent of £{d) is the same as the the 
last sequent of d. On the other hand, in the definition of the cut-degree dg, we 
set dg{E{d)) := dg{d) — l since £ reduces the cut-degree by 1. 

Our approach avoids use of complicated notations systems for large proof- 
theoretic ordinals. In this respect, it is similar to cut-elimination proofs for the 
first-order logic, first-order arithmetic, and predicative subsystems of analysis. 
In first-order logic, the proof proceeds by induction on (finite) cut-degree plus 
induction on (finite) height of the derivation with cut. In the case of arithmetic, 
the latter of these two inductions can be also done on the height of the derivation, 
avoiding introduction of ordinals < ep. The same works for the predicative 
systems. Introduction of fi-rule allows to extend this approach to n}-analysis. 

We use f2-rule introduced by W. Buchholz since ordinal-free formulations 
and proofs of the cut-elimination theorem for the systems including fJ-rule were 
given in [21 [5]. We treat here the simplest fragment of IlJ-analysis allowing 
n}-CA only for parameter-free n}-formulas. The extension to the full IlJ-CA 
of the results in this paper will be reported by the first author in [T] . 

We might add some remarks on a background of this paper. Since G. 
Mints's papers [H [9l [TOl [12], the relationship between finitary and infinitary 
derivations has been investigated. In particular the relationship between the 
Gentzen-Takeuti method and the Schiitte method has been elucidated by W. 
Buchholz [His], and S. Tupailo [16] . In these works the authors have devel- 
oped the way to recover informations about finitary derivations from infinitary 
derivations. In particular we want to mention W. Buchholz's papers [11[5]. In 
the former paper, a precise explanation of Gentzen's reduction steps in [7] in 
terms of infinitary proof theory was given and it was shown that Gentzen's re- 
duction steps and assignment of ordinals to finite derivations can be derived 
from infinitary proof theory. In the latter paper, W. Buchholz proved the same 
thing for Takeuti's consistency proofs for IlJ-CA in [T5] . 
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Our aim is not an explanation of proof of the cut-elimination theorem for 
finitary systems, but to give a simple and transparent ordinal-free proof of the 
cut-elimination theorem for impredicative systems with w-rule. Our work was 
inspired by W. W. Tait's unpublished paper [T3|. 

The present paper consists of 6 sections. After recalling basic definitions in 
Section 2, we introduce infintary systems Big , BI^ in Section 3. Big is arith- 
metic with cj-rule, rule for second-order universal quantifier, and "Repetition 
Rule" : 

. . . A{x/n) . . . for all n G w 



A{X/Y) r 
) VXA f ^^^^^ 

The rule Rep is obviously redundant, but is used as a delaying device to make 
the cut-elimination operator TZc (Theorem 1) continuous. BI^ is obtained by 
adding fl, fi-rules to Big : 

...A^^-^<^)... . A(Y) ...A^^^(^)... 

In Section 4 we define operators TZ, £, and E^j on derivations in BI^\ The 
operator TZ transforms impredicative cuts into and does one-reduction for 
other cuts in the standard way. £ reduces cut-degree by 1, and reduces cut- 
degree to 0. The collapsing operator V eliminates Q, from the given derivation d 
if d is cut-free and the end-sequent is arithmetical. Then wc can prove that such 
a d can be transformed into a cut-free derivation d' of the same end-sequent in 
BiJ. Finally we define the substitution operator 5^ , which is used to embed 
n}-CA into Bl" using f7-rule. 

In Section 5 we introduce systems BI~ as arithmetic with w-rule, and rules 
for second-oder quantifiers : 

. . . A{x/n) . . . for all n £ u 



A{X/Y) ^AjX/T) 
\/\yxA) \^xA ^V^vxa) -,\/XA 

with a suitable restriction on T. The system BI~ is a weak subsystem of II}- 
CA because \/!^y^^-rule is equivalent to IlJ-CA only for parameter-free II}- 
formulas. The system which is obtained from BI~ by replacing cj-rule by induc- 
tion axiom has the strength of the theory of non-iterated inductive definition 
IDi. 

BI is obtained by adding the following rules to BI^: 

C -iC 
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These rules correspond to operations TZ, £, V, mentioned above. They 
are necessary in order to connect separate steps of cut-ehmination in BI to cut- 
eUmination in BI^. 

In Section 6 we give an ordinal-free proof of the cut-elimination theorem 
for BI. We define an embedding function g from derivations in BI into the 
derivations in BI (Section 6.1). g replaces rules V^vx^j 

R,E,E^,D,Sub^ by 

J7-rule, operations TZjEjE^^,!^ and . Next we define for each derivation d in 
BI functions tp{d) and d[i] such that tp{d) is the last inference symbol of g{d), 
and g{d[i]) is the i-th immediate subderivation of g{d) (Section 6.2). 

We give an ordinal-free proof of the cut-elimination theorem for BI in Sec- 
tion 6.3. Our main observation is that g{red{d)) is a proper subderivation of 
g{d) if red{d) can be obtained from d by an essential proof theoretic-reduction 
for each derivation in BI satisfying natural conditions (which we call proper 
derivations). Therefore the termination of the reduction procedure follows by 
transfinite induction on the height of g{d). The cut-elimination theorem for BI~ 
is obtained as a corollary. 

Finally we see how the definition of red works in Section 6.4. We see that 
red simulates Gentzen-Takeuti reduction steps. In particular, it is shown that 
red{d) corresponds to Takeuti-style reduction steps if d is impredicative cut- 
elimination, and g{d) ends in {tp{d) = J7). We see that il-rule lists up all cuts 
encountered in the future cut-elimination steps, and the result of Takeuti-style 
reduction g{red{d)) is seen to be one of such cuts. Although a correspondence 
between Takeuti's reduction steps and Buchholz's reduction steps were given by 
W. Buchholz [5j, this will provide an additional informal connection between 
them. 

2 Preliminaries 

First we define a language L which is the formal language of all systems consid- 
ered below. 

Definition 1 Language L 

1. is a term. 

2. If i is a term, then S{t) is a term. 

3. If R is an n-ary predicate symbol for an n-ary primitive recursive relation, 
and <i,...,i„ are terms, then R(ti,...,tn) is a formula. If X is unary predi- 
cate variable, and t is a term, then X{t) is a formula. These formulas are 
called atomic formulas. 

4. If A is an atomic formula, then -^A is a formula. A and -^A where A is 
atomic are called literals. 
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5. If A and B arc formulas, then A A B, AV B are formulas. 

6. If A{Q) is a formula, then \/xA{x), and 3xA{x) are formulas. 

7. If A is formula, and A does not contain any second order quantifier and 
any free set variable other than X, then VXA and 3XA are formulas. 

If A is a formula which is not atomic, then its negation -lA is defined using De 
Morgan's laws. The set of true literals is denoted by TRUE. Formulas Aq AAi, 
\/xA, and VXA are called negative. Formulas Aq V Ai, 3xA, and 3XA are 
called positive. T denotes an expression Xx.A where A{0) is a formula (called 
abstraction). Formulas which do not contain any second order quantifier are 
called arithmetical. 

Definition 2 rk{A) is defined as follows. 

1. rk{A) if A is a literal , yXA{X), or 3XA{X). 

2. rk{A A B) rk{A V B) = max{rk{A),rk{B)) + 1. 

3. rk(yxA{x)) rk{3xA{x)) = rk{A{Q)) + 1. 

Remark 1 We stress that rk{A) = if A is \/XA{X), or 3XA{X). 

3 The Systems Bl[)^,Bl" 

In this section, we define the systems BIq , BI^^ using W. Buchholz's notation 
from [5]. Only the minor formulas (which occur in the premises of the rule) 
and the principal formulas (which occur in the conclusion of the rule) are shown 
explicitly in inference rules. Any rule below is supposed to be closed under 
weakening, and contains contraction. For example the inference 

r,Ao T,Ai 

r,Ao A^i 

is indicated by AaqaAi (^o, c^i) where di is a derivation of F, Ai for i £ {0, 1}. 

Let / be an inference symbol of a system. Then we write A(/), and |/| 
in order to indicate the set of principal formulas of /, and the index set of /. 
Moreover, |Jjg|j| (Ai(/)) is the set of the minor formulas of /. For example the 
AaqaAi inference can be of the form: 

dp : r,S,^o,^o A^i di : r,n,^i, A 
d : r, S, n, Ao A Ai 

Here A(A^„^^J = {Ao A Ai}, | AaoaAi I = {0,1}, Ao(AaoaAi) = {^o}, and 
^'i-{f\AQf\Ai) — {^i}- If = I{di)\i\^ then di denotes the subderivation of d 
indexed by i. If d is a derivation, V{d) denotes its last sequent. Eigenvariablcs 
of the rules A\/xA{x)^ ^ may occur free only in the premises, but not in the 
conclusion. Formulas which do not contain any subformula of the form 3XA{X) 
are called 11^ -formulas. Note that any arithmetical formula is Il^-formula. 
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Definition 3 The systems B^,Bp. 

1. BIq consists of the following inference rules. 

(Axa) A = {A} C TRUE or A = {C, ^C} 



\/\AoAA^) AqAAi 



(Vlov^ J where fc e {0, 1} 



. . . j[(.v/ II.) . . . lor mU II £ lu 
(Avxa) v^A 



, A(a;//e) 
(VLa) where e a; 



(Avxa) where F is an eigenvariable 



{CutA) —j— 



2. BI^^ is obtained by adding the following rules to BI^. 



.Ar"'-\..(,.|VX_UX)|) 



(f2-,vxA) 7 where Y is an eigenvariable 



with 

(a) \yXA{X)\ := d is a cut-free derivation in BI^,X ^ FF(A^^^^}^^)} 

(b) aW) {A{X)}, 
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(c) r(rf) (the last sequent of d) is a H^-sequent. 
Definition 4 |/| 

Let / be an inference symbol in BI^. 
1. |Ax| := 

2- IAAoAAj = |t^«*A|:={0,l}. 

3- NaovaJ = IVLaI = \Rep\ = \A^xMx)\ ■= W- 

4- IAv.aI ■=^- 

5. \fl^^xA(x)\:=\'^XA\. 

6. |0^vxA(x)| :={0}U|VXA(X)|. 
Remark 2 

1. In the above definitions of ^^\/xA{x), and i^^\/xA{x), each (d, X) = g 
represents implicitly a cut-free derivation 



Ag,VXA(X) 

2. ri^vxyi(jf )-rule comes from a constructive- reading of the formula -iVX 
as asserting the existence of a function which transforms any proof of 
\/XA{X) (say from the assumption F) into a proof of ± from the same 
assumption. In our situation, it turns out to be sufRcient to consider only 
direct (cut-free) proof ending in AvxA ^^'^ possibly containing additional 
assumptions where A, is a Il^-sequent. 



|(?:A„A(X)| 

,T,Ag,^\fXAiX).. 



r, ^vxA(x) 



•VXA{X) 



dq denotes the derivation of T,Aq for each q € |VXA(X)|. A derivation 
q of Aq,A[X) that determines the g-th premise dq of the derivation d 
ending in f2_,vxA(Js:)-rulc is not by itself a part of r2^vxA(x)-rule. The 
q-th premise is the transformed derivation dq of F, Ag. 
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3. The leftmost subderivation do in fl^\fxA{X) denotes the derivation of 
r, A{X). Therefore ^^\/xA{x) can be seen as a combination oi ri-,vxA(x)) 
and Cut\/xA'- 



Cut-^XA{X) 



The f2-,vxA(Js:)"rule incorporates a hidden cut, but formally is not counted 
as a cut. 

4. We write Avxa(x)' ^Xvxa(x) order to indicate that Y is the eigenvari- 
able of these rules. 

5. We drop sometimes subscripts in Ag, ^^\/xa(x)-, ^-.'iXA{x) when no con- 
fusion occurs. 

6. An inference symbol / is written as /a to indicate that A is the set of 
principal formulas of /. 

4 Cut-elimination Theorem for BI^ 

Definition 5 Cut-degree 

Let / be an inference symbol, and d be a derivation in Bl'^. 



rfc(C) + 1 if 7 = Cute; 
otherwise. 



1. dg{I) 

2. dg{I{dr)re\i\) ■■= sup{{dgil)} U {rfff(rf,)|T e |/|}). 

Remark 3 Notice that a derivation d with dg{d) ~ which may contain 
Let d be a derivation in BI^^. As usual, we write 

if r(d) = r, and dg{d) < m. We define an operator TZc which transforms im- 
predicative cut into O and does one-step reduction for other cuts in the standard 
way. 
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Theorem 1 There is an operator TZc on derivations in BP such that 

if do \-m r, C, d\ \-m r, -iC and rk{C) < m, then TZc{do, di) !-„ F. 

Proof. We define TZc, and prove its properties by double induction on do 
and di . We consider subcases depending of C or being the principal formula 
of the last inference symbol of do or di respectively. Let /q and Ii be the last 
inference symbols of do and di . 

1. A(7o). 

We define TZc{do,di) := /o(^c('^oii '^i))»;e|/ii| using the induction hypoth- 
esis (IH). For example let Jq be /\y^Ao(x)- Then do = /\\/xAo(x)idon)neu;, 
and don T,Ao{n),C. By IH, Tlcidon^di) Km T,Ao{n) for all new. 
Therefore /\^^Ao{x)i'^c{don,di))neoj T. 

2. ^(7^A(7i). 

Similar to 1, that is, TZc{do,di) := h{TZc{do,du))ie\h\- 

3. do is an axiom C, -^C. 

It follows that -.C e F. We define '7^c(c^o, ^i) := Rep{di). 

4. di is an axiom C, -iC. 

Similarly to 3, we define TZc{do,di) := Rep{do). 

5. C e A(/o), and G A(/i). 

First, it is impossible that both C and -iC are true literals. Second we 
may assume that do or d\ is not an axiom C, -iC (cf. the cases 3 and 4). 
We consider subcases according to the last inference of do- We assume 
that C is a negative formula. Other cases are treated similarly. 

(a) C = CohCx. 

Then^C = ^CqV-iCi, do = AcoaCi ('^oo, doi), and rfi = V^Cov^Ci (^lo)- 
for some k G {0, 1}. By IH, TZc{dok, di) F, Ck, and TLc{do, dio)) 
T,^Ck. We define Tlc{do,d\) := CMtCfc('/^c(dofe, di), ■7?.c(do, die)): 



Ti-c{dok, di) \-m Ck TZcjdo, dip) F, -iCfc 

nc{do,di)hmr 

(b) C = VxCo. 

Then rfo = A\/xCo{x)i'^On)neuj, and di = VL^Co(x)(^io) for k Gu. By 
IH, 7?.c(do,dio) l-m F, -.Co(A:), and 7^c(don,di) F,Co(n) for all 
new. We define TZc{do,di) := Cuico(A;)(^c(dofe,di),7?.c(do,dio)): 



9 



Tlc{dok,di) \-m r,Co(fc) TZc{do,dio) T,^Co{k) 

nc{do,di) \-m r 

(c) c = yxCo{x). 

d-0 = AvxCo(x)(^oo), and di = ^{diq)ge\yxCo(x)\- We had doo 
r,Co(F),VXCo(X), and dig h„ T, A^^^°(^\ -VXCo(X). We just 
push 7?.c into the premises, and introduce fl^ . 'R'\/xCo(x){dQ,di) := 

{T^\/xco{x){doo,di),TZ\fxCo{x){do, diq))q,s\vxco{x)\- 

Let us check that all provisos are satisfied for the new fi^-inference. 
doo T,Co{Y),yXCoiX), and dig T, A,, -VXCo(X) for each 
q G |VXCo(X)|. Since Y is an eigenvariable, F does not occur free in 
r. By IH, TZ^xCo{x){do, di,) T, A^^^o^"") for all q e |VXCo(X)|, 
and 7^vxCo(^)(c^oo, di) T, Co(F). Thus 



Y 



T^vxco(x){doo,di) T,Co(Y) ■ . ■Tlyxco{x){do, dig) !-„ T, A^'^'^°^'^K 

nc{do,di) hmT 

□ 

Iterating TZc, we define an operator £ which reduces cut-degree by 1. 
Theorem 2 There is an operator £ on derivations in Bp such that 

1. if d h„+i r, then £{d) h„ r, 

2. V{d) = T{£{d)). 

Proof. By Induction on d. We consider two cases. Let / be the last inference 
symbol of d. 
1. 1 = Cute- 

ByIH,£(do) T,C, and£(di) h„ T,^C. Wede&ne£{d) := Rep{nc{£{do),£{di))): 

£{do)^mT,C £{di)h'mT,^C 



■Rc{£{do),£{di))hmr 

£{d) h„ r """^ 
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2. 7 7^ Cute. 

We define 8{d) := I{£{di))i^\i\. For example, let 1 = 0., and d = 
f^K)«6lVJfCo(x)|. Bym,£{dg) h„ r, A„-VXCo(X) forallg G |VXCo(X)|. 
Therefore fl{£{dg)) h„ r',^VXCo(X). □ 

Using £, we can define an operator 8^^ which reduces cut-degree to 0. 

Theorem 3 There is an operator So, on derivations in BP such that 

1. ifdl-a,r, then5a,(d) ho T, 

2. T{d)=T{£^{d)). 



Proof. By induction on d. We consider subcases according to the last 
inference symbol of d. 

1. I = Cute- 

Then da T, C, and di T, ^C. By IH, £'^.(q'o) ho T, C and f^(di) ho 
r,^C. Lot rfc(C) := to, then Cutc{£^{do),£ui{di)) h„+i T. Let £'"+1 
denote m + 1 applications of the operator £. We define 

£^{d) := Rep{£"'+\Cutc{£u.{do),£u.{di)))) ho T : 



g^(do)hor,C g^(rfi)hor,^(7 ^^^^ 
Cutc(^w(do),fw(di)) 

f(Cwic(fa;(do),fu.(dl)))h„r ^ 

g"^(Ctx^c(<gc.(rfo),.gc.(rfi))) KT 

g"^+^(CMtc(g^(do),g..(rfi))) ho r 

f.(ci)i-or "^^^ 

2. I ^ Cute- 

£^{d) := I{£^{di))i^\iy □ 

Now define the collapsing operator V which eliminates if dg{d) = 0, and 
r(d) is a n^-sequent. 

Theorem 4 There is an operator V such that 

1. if d ho r and T is a n^-sequent, then BI^ 9 V{d) ho T, 

2. r(d) = r(D(d)). 
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Proof. By induction on d. 

First note that d does not contain f2 since d is cut-free and F is a H^-sequent. 
Let / be the last inference symbol of d. We consider subcases according to /. 

1. / = 

Let d = h^{dr)re{o}u\vxA(x)\- Then Y i FV{V), do ho T,A{Y), and 
dg ho F, Ag^^^^^ for all q € |VXA(X)|: 



do\-oT,A{Y) ...rf, hor,A^''^^^\.. 
d ho F 



Note that T,A{Y) is a n^-sequent. We have BiJ 9 2?(rfo) h T,A{Y) 
by IH, and F ^ FV(r(2?(do))\{^(i^)}). Define go := {V{do),Y). Then 
go G Since the last sequent of do is T,A{Y), the last sequent 

of dqg is F. Hence, using IH again, we define 



V{d) := Rep{V{dg,))eBto\ 



2. 7 ^ O^. 

We may write as By IH, 9 BIq . Then, noting that / 

cannot be O or Cut, we define ^^{d) := /(I>(d,))jg|/| e BIq □ 

Corollary 1 If d £ BP andT{d) is a H^ -sequent, then there exists d' such that 
T{d)=T{d') andd' G Bl^. 

Proof. 

Assume that d h F. Then £^{d) ho F by Theorem 3. Therefore Bl^ 9 
V{£^{d)) h F by Theorem 4. □ 

Finally we define an operator such that {d) h T{d)[X/T] for d G BlJ. 
Theorem 5 T/iere ea;ists an operator such that 
if BI^^ 9 d ho F, then BI^^ 9 {d) ho F[X/T]. 

Proof. By induction on d. Let d be Note that / cannot be 

Cute- If Ia is an inference symbol in BIq , then Ia[x/t] is also an inference 
symbol in BIq with the index set = 1-^1- In particular for A = VYB we 

have A[X/T] = A because VFi? does not contain any free predicate variable by 
Definition 1. Thus we define BiJ 9 S^{d) := Ia[x/t]{St {di))ie\i\- □ 
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5 The Systems BI-,BI 



In this section, we introduce a system BI~ which is an impredicative subsystem 

of n}-analysis with cj-rulc, and a system BI which is obtained by adding the 
rules Ra, E, D, Sub^ to BI~ . These rules Ra, E, D, Sub^ correspond to 
the operators TZa, £, S^,'^, which have been defined in the previous section. 

We do not define /S.{Suh^), /S.Q{Svb^) where Sub^ is the substitution rule 
(cf. Remark 4 below). Eigenvariables may occur only in the premises, but not 
in the conclusion. 

Definition 6 The systems Br , and BI 
1. BI~ consists of the following rules. 



(^^^) A where A = {A} C TRUE or A = {C, ^C} 




(VloVAi) 




where k G {0, 1} 



(Ava:^) 



. . . A{x/n) ... for all n e w 



\/xA 




where k Geo 



(Avxa) \fxA 



A{Y) 



where Y is an eigenvariable 




^A{X/T) 

-nyxA 



A -^A 

[CutA)-^ 



2. BI is obtained by adding the following rules to BI . 



^A 
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r 

{Suhj. )y[x/T] 

Definition 7 |7| 

Let / be an inference symbol in BI. 
1. |Ax| := (f). 

2- |AAoA^,l = |CwiA| = |i?A|:={0,l}. 

3- IVaovaJ = IVLaI = IAvxA(x)l = IA^vxaI = l^^l = \E.\ = \D\ = 
\Sub^\ := {0}. 

4- IAv.aI -'^^ 
Remark 4 

1. As said before, we do not define A{Sub^), Ai{Sub^), but we define di- 
rectly r{Sub^{da)) := r{do)[X/T]. 

2. The rules Ra, E, E^, D, Sub[X/T] allow to record intermediate steps of the 
cut-elimination process for BI. As we will see below, Ra, E, E^^, D, Sub[X/T] 
are replaced by the corresponding operations TZa,£, Sun'D, in the trans- 
lation of BI into BI*^^ (cf. Definition 9). 

6 Cut-elimination Theorem for BI 

In this section, we will give an ordinal-free proof of the cut-elimination theorem 
for BI using cut-elimination for BI^ proved in the previous section. 

Wc define an embedding function g from derivations in BI into the deriva- 
tions in BI^^ (Section 6.1). Next wc define functions tp{d),d[i\ where d is an 
derivation in BI, such that tp{d) is the last inference symbol, and ^((^[i]) is the 
i-th immediate subderivation of g{d) (Section 6.2). 

In Section 6.3, we first define reduction steps red{d). We give an ordinal-free 
proof of the cut-elimination theorem for BI. The cut-elimination theorem for 
BI~ is obtained as a corollary. 
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Finally, we see how the definition of red works (Section 6.4). In particular, 
red simulates Gentzen-Takeuti's steps. See remark 15 in Section 6.4 which 
illustrates this in detail when g{d) ends in fl. In this case, an informal connection 
between Takeuti's reduction in [15 and Buchholz's cut-reduction for fJ-systems 
is observed. 



dg{d) := < 



6.1 Interpretation of BI in BI 

We define a function g which maps derivations in BI into the derivations in BI^ . 
Next we show that every D, Sub^ can be interpreted as T>,S^ if d is a proper 
derivation (Definition 10). 

We define dg{d) where d is a derivation in BI in such a way that dg{d) < 
dg{g{d)). 

Definition 8 dg{d) 

Let d be a derivation in BI. 

' max{rk{A{T)), dg{do)) HI ^ V^vxa(x); 

max{rk{C) + 1, dg{do), dg{di)) if I — Cute] 

dg{d) := max{rk{C) , dg{do), dg{di)) if / = Rc', 

dg{do)^l ifI = E; 

ifl^E^; 

sup{dg{dT)\T e /} otherwise. 

As usual, we write 

for a derivation in BI if T{d) = T and dg{d) < m. 
Definition 9 Embedding function g from BI into Bp". 
Let d be a derivation in BI. We define the function g by induction on d. 
1. .g(AxA) := AxA. 

2- 5(AAoAAi(^^o,di)) := AAoAAl(ff(^^o),5(c^l))■ 
3• 5(VXvAi(^o)) := Va„vAi(5K)). 

5- giylAido)) :=VLa(.9(^o)). 

6- 5(AvxaK)) := AyxAiaido))- 

7- 9{\/IvxaW) ■■= ^i'R-A{T){ST{dq),g{do)))qe\vxAix)\ 
where {dq,X) = qe \yXA{X)\. 



15 



8. g{Cutc{do,di)) := Cutc{9{do),g{di)). 

9. g{E{do)) := £{g{do)). 
10. g{E^{do)) -SUgido))- 



11. g{D{do)) :-- 



{T^igido)) if g{do) l~o r and F is a ll^-sequent (cf. Theorem 
g{do) otherwise. 



19 n(Q. hXf^ J ^rigido)) if BIJ,' 9 ff(do) ho T (cf. Theorem 5); 
\g(do) otherwise. 

13. g{Rcido,di)) :=Tlc{g{do),g{di)). 

Remark 5 

1. Let d = \/'^\/xA(x)ido)- Then d is transformed into g{d) in BI^ as follows: 



Ag,A{T) ^ r,^A{T),^yXA{X) 
T,^\fXA{X) 

2. Let red be a reduction relation in BI which will be defined later. Although 
our intention will become clear later, we note that the definition of red 
(cf. Definition 13) comes from the commutative diagram presented in the 
Introduction. For example, the following diagram holds (cf. Theorem 9): 

E{Cutc{do,d,)) Rc{E{do),E{d,)) 



Repinc{£{g{do)),£{g{d,m nc{£{g{do)),E{g{d^))) 

Now we define the notion of proper derivation so that the operations V and 
are applied only to sub derivations satisfying the conditions in Theorems 4, 
5 respectively. 

Definition 10 Proper derivation 

A derivation d in Bl is called proper if for every subderivation h of d, 

1. ii h = D{ho), then dg(ho) = and T{ho) is a ll^-sequent; 

2. if ft = Sub^ {ho), then ho = D{hoo)- 
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Remark 6 Let d be a derivation in BI . Then it is clear that d is a proper 

derivation because such a d does not contain D, Sub^ . 

Theorem 6 Let d be a proper derivation in BI. Then g{d) ^^dgid) r(rf)- 
Proof. By induction on d. Let F := T{d). 
1. d = AxA- Trivial. 

do h r',Ak,AoAAi for k e {0,1}. By IH, g{do) h^g^do) T',Ak,AoAAi. 
Therefore VaoVAi(5'(c^o)) ^dg{d) T. 

^- d = AAoAAi('^o,rfi), Ka^A{di)ieu^, V3xa(<^o), or AvxaCc^o)- 
Similar to 2. 

4- d = V!vxA(^^o). 

do K T',^A{T),^yXA. By IH, .9(4) Kdes(do) T' ,^A{T),^yXA. Since 
g(d) = f^(7^A(T)(5^(dg),.g(do)))ge|vxyi(x)|, it follows that g{d) \-dg{d) T 
by Definition 5, Theorem 1, and Theorem 5. Note that dg{S^ (dq)) = 
dg{dq) = 0, and dg{d) = max{dg{do),rk{A{T))). 

5. d = CutAido, di). 

do h S, A, and di h U, ^A with S U B = F. By IH, g(do) ^dg{da) A and 
9{di) l-dg(di) n, -.A. By cut-rule, we obtain CutA{do,di) \-dg{d) T since 
d5f(d) = max{rk{A) + l,dg{do),dg{di)). 

6. d = i;(do). 

By IH, g{do) \-dg{do) T. By Theorem 2, we obtain £{g{do)) \-dg{d) T. 

7. d = E^{do). 

By IH, 5(do) l-dg(do) % Theorem 3, we obtain £u{g{do)) ho F. Note 
that dg{d) = 0. 

8. d^D{do). 

F(do) is a H^-sequent, and dg{do) = since d is proper. By IH, ^(do) l-o F. 
By Theorem 4, V{g{do)) \-dg(d) T. Note that ds'(d) = 0. 

9. d = Sub^{do). 

do is of the form D{doo) since d is proper. By IH and Theorem 4, BIq 3 
V{g{doo)) ho F'. Therefore, by Theorem 5, {V{g{doo))) ^dg{d) T'[X/T\. 
Note that dg{d) = 0. 

10. d = ii!A(do,di). 

do h E,A, and di h n,^A with E U H = F. By IH, ^(do) h 

and g{di) h H, ^A. By Theorem 1, we obtain 7^^(do,di) ^dg{d) T since 

dg{d) = max{rk{A),dg{do),dg{di)). □ 
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6.2 Definition of tp{d), and d[i] 

We define below (Definition 12) tp{d), and d[i\ where i £ \tp{d)\ for each proper 
derivation d €Bl such that 

1. tp{d) is the last inference symbol of g{d). 

2. d[i] is also a proper derivation in BI. 

3. ^(^[i]) is the i-th immediate subderivation of g{d). 

In fact, for d with tp{d) = Q or ft, an element of the index set may be 
themselves a pair q = {h,X). Therefore we need a preliminary definition. 

Definition 11 \yXA\+,\I\+,g{q) 

We define |VXA| + , |J|+ where |7| is an inference symbol of BI^ and g{q) where 
q = {h,X) e \iXA\+ as follows: 

1. \iXA\+ := {{h,X)\ h is of the form D{ho) satisfying (a)-(c) below} 
(a) ft, is a proper derivation in BI, 

VXA{X) 



(b) A^,^^;-^=r(ft)\ {A(X)},and 

VXA{J 
(h,X) 



(c) X i FV{t^\l^?'\ 



2. |J| 



+ .- 



|VXA|+ if/ = f7^vxA(x); 

{0}U|VXA|+ \iI = VLl^^^^^y 
I otherwise. 



3. g{.q) ■■= {g{d),X) where q = {d,X) e \VXA\ + . 
Remark 7 li q G |VXA|+, then we have g{q) G \yXA\ by Theorem 6. 
Definition 12 tp{d),d[i] 

By primitive recursion on d we define tp{d), and derivations d[i] where i € 
such that 

1. tp{d) is the last inference symbol of g{d), and 

2 g(^d\i]) = h^'^^a'^'^ ^^^'^^ ^ {^-vxA, f^XvxA(x)}' and i ^ 0; 
1 5f(d)i otherwise. 

We assume separation of eigenvariables: all eigenvariables in d are distinct 
and none of them occurs below the inference in which it is used as an eigenvari- 
able. 

1. d = Axa; tp{d) := AxA- 
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2- d = /\A^^A^{do,diy,tp{d) ■■= /\AoAA^^d[l\ :=di. 
^- d = VlovAi('^o);ip(rf) := VlovAi'<^[0] — ^o- 

5. d = VLaCc^o); tp(rf) := VLa' ^[0] := ^o- 
d = Avxa(c^o); tpid) := Avxa' — ^q. 

7. d = VlvxA(x)(^o);t|?(d) := f^^vxA,cf[(/i,^)] := RA(T){Sub^{h),do). 

8. d — CutA{do,di);tp{d) := CutAjC?[*] := di. 

9. (i = £;((io); 

(a) tp(do) = Cutc-Md) := Rep,d[0] := RciEido[0]), E{do[l])). 

(b) otherwise ; tp{d) = tp{do),d[i] := E{do[i]). 

10. d = E^{dQ); 

(a) tp{dQ) = Cutc-Md) := Rep,d[Q\ := E^+^iCutciE^{do[0]),E^{do[l]))) 
where rk{C) ~ n, and E'""^^ is n + 1 appUcations of i?-rule. 

(b) otherwise ; tp{d) := tp{do),d[i] := E^^{do[i]). 

11. d = D{do); 

(a) tp{do)=nl^xA{x)-Md) ■.= Rep,d[0] -.^ D{do[{D{do[0]),Y)]). 

(b) otherwise ; tp{d) := tp{do),d[i] := D{do[i])- 

12. d = Suh^{do);tp{d) := tp{do)A[x/T],d\i] := 5u6^(do[j]). 

13. d = RA{do,di); 

(a) ^ ^ Aitpido));tpid) :=tp{do),d[i] := i?A(rfoW,rfi). 

(b) -A ^ A{tp{di));tp{d) := tp{di),d[i] := i?A(do, 

(c) A e A(tp(rfo)), and e A(tp(di)); 

i. tp{do) = AxA;tp{d) := Rep, and d[0] := di. 

ii. tp{d\) = Ax/^;tp{d) := iiep, and d[0] := do- 

iii. A = AoAAi; Then ip(do) = AaoAAi' ^nd tp{di) = V^AqV-Ai 
for k G {0,1}. := CutA^,d[0] := i?A(do[fc], di), 

d[l] :=i?A(do,rfi[0]). 

iv. A = Aq\/ Ai, VxA, or 3a;j4 : similarly to the case of Aq AAi. 
V. A = yXA; Then tp{do) = AvxA' ^^d tp{di) = l^^vxA(x)- 

ip(d) ^^^vxA(x)''^M := R\/XA{do[0\,di),d[q] := R\,xA{do,di[q]) 
for q G |VXA|+. 
vi. j4 = 3XA; similarly to the case of \/XA. 
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Remark 8 



1. In the case 9-(a), we have defined tp{d) = Rep. This is explained as 
follows. If tp{do) = Cute, then g{do) = Cutc{g{do)o, g{do)i). Then, by 
the definition £ (cf. Theorem 2), 

£{g{do)) = Rep{nc{£{g{do)o),£{g{do),))). 

The case lO-(a) can be explained similarly. 

2. The case ll-(a) is explained as follows. If tp{do) = ^XyxA{x)^ then g{do) 
is the following derivation: 



r,A{Y) ...,t;a,... 

By Theorem 4, V{g{do)) = Rep{V{g{do)g„)) with qo = {V{g{do)o),Y). 
Note that V{g{do)o) ho T,A{Y). Thus we have defined tp{d) = Rep. 

3. In the case 13-(c)-v, tp{do) = AvxA' tp{di) = i^^\/xA{x)- Then, by 
the definition of TZ, we introduce ^^\/xA{x) (cf- Theorem 1). Thus we 
have defined tp{d) = ^X\fxA(x)- 

Theorem 7 Let d be a proper derivation in BI with d T. Then the following 

conditions are satisfied: 

1. If F is an cigcnvariable of tp{d), then Y is an eigenvariable in d, and 

Y ^FViT{d)). 

2. d[i] is also a proper derivation in BI for all i G \tp(d)\. 

3 g{d\i]) = h^^^'a'-'^ ^P^^'' ^ 'L^^-vxA, ^X^/xA{x)}' and i ^ 0. 
1 g{d)i otherwise. 

4. d\i] \-m r,Ai{tp{d)) for all i e \tp{d)\. 

5. If tp{d) = CutA, then rk{A) < dg{d). 
Proof. 

First we show 1. Assume that Y is an eigenvariable of tp{d). Then we can 
prove that Y is an eigenvariable in d by induction on d. Thus Y ^ FV(T{d)) 
follows from separation of eigenvariables. 2-5 are proved simultaneously by 
induction on d. We consider only the interesting cases. 
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1- = AaoaAi ('^o, di) Then tp{d) = AaoAAi - 4^1 = di- 

Let i S {0, 1}. Then d[i] = di is proper since d is proper. = g{di) is 

the i-th immediate subderivation of g{d) = AAoAAiidido), 9{di))- d[i] = 
di l~TO r, j4j,/\^^^^^(rfo,rfi). Thus the claims hold for this case. 

2. d = \/ZyxA{x)ido)- 

Thentp{d) = Q, andd[{h,X)] = RA(T){Sub^{h),do) for {h,X) G \iXA{X)\ + . 
To show that d[{h, X)] is proper, it suffices to show that Suh^ {h) is proper 
because rfg is proper. By the definition, /i is a proper derivation of the 

form D{hi^). Thus Suh^(h) is also proper. 

Next we show g{d[{h, X)]) = g{d)g((h_x))- We have 

g{d) = ^{TIa{t){St {q), g(.do)))q(.\yxA{x)\- 
g{d[{h,X)]) = nAiT){S^{g{h)),g{do)). 

Therefore g{d[{h,X)]) = g{d)g^^h,x)) because g{{h,X)) e |VXA(X)| (cf. 
Remark 7). 

Finally we prove d[{h, X)] T, -iVXA(X), A(^_x)- It is easy to see that 
Sub^ih) ho A^h,x),A{T) since /i ho A(,,,x), ^(i^) and X ^ FV{A^h,x))- 

Thus d[{h,X)] = RA(T){Suh^{h),dQ) h„ r,^VX^(X), A(;,,;,). 

3. = CutA{do, di). 

By the definition, = Cut a, and = rfj. is proper because 

d is proper. It easy to see that g{d[i]) = g{di) is the i-th immediate 
subderivation of g{d) because g{d) = CutA{g{do),g{di)). It is clear that 
d[i] = di hrn r, (-i)A where {-^)A denotes A or ^A. Finally dg{d) > rk{A) 
by Definition 8. 

4. d = E{do). We consider two subcases. 

(a) tp{do) = Cute- 

tp{d) = Rep,d[0] = i?c(£^(do[0]),£^(do[l]))- Then rffO] is proper be- 
cause do[0],do[l] are proper by IH. 
Next we show that (/(c?[0]) = g{d)o. Observe that 

g{d) = g{E{do)) = £iCutc{gido)o,gido)i)) = Rep{Tlc{£{g{do)o),£{g{do)i))). 
On the other hand, using IH, 

g{d[0]) = nc{£{g{do[0])),£{g{dom) = Tlc{£{g{do)o),£{g{do)i)). 

Wehavedo[0] h„+i r,C, andcio[l] ^m+i F, -.C by IH. Thus £;(do[0]) h„ 
F,C, and E{do[l]) h„ T,^C. By IH, rk{C) < dg{do) < m + 1. 
Therefore d[0] h„ F. 
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(b) Otherwise. 

tp{d) = tp{do) , d[i] = E{do[i]), and the claims foUow from IH. 
d = D{do). 

We consider only the interesting subcase in which tp{do) — ^ (cf. Remark 
8-2). Since d is proper, tp{do) ^ {^,Cutc}- By Theorem 6, g{do) 
r(do). Thus tp{do) cannot be Cute- Since r(d) is a H^-sequent, tp{do) 
cannot be Q. 

First we show that d[0] = D{dQ[{D{do[0]),Y)]) is a proper derivation in 
BI. Indeed by IH, do[0] is a proper derivation with do[0] hp T, A{Y). Note 
that r,A{Y) is a n^-sequcnt. Then do[{D(da[0]),Y)] ho T by IH because 
{D{do[0]),Y) e \yXA{X)\+. Thus d[0] is also a proper derivation. This 
argument shows that d[0] ho F too. 

Next we prove 5(c?[0]) = 5(^)0. By Theorem 4, 

g{d) = 'Do(fl{g{do)i)ie{o}u\vxA\) = Rep{'Do{g{do)q)) 
with q — {'Do{g{do)o),Y). On the other hand, using IH, 

gid[0]) =Vo{gido[{Do{do[0]),Y)\)) =Vo{g{do))^g^Do{do[o])),Y). 
Thus g{d[0]) = g{d)o because g{Do{do[0])) = Vo{g{do)o) by IH. 
d = Sub^{do). 

In this case, g{d) = {g{do)),tp{d) = tp{da)A[x/T],d[i] = Sub^{do[i]). 
do is of the form D{doo) and is proper since d is proper. We consider 
subcases according to tp{do). By Theorems 4, 6 we have BIq 9 g{do) = 
T^igidoo)) 1-0 r. Thus we have tp{do) ^ {n,n,Cutc}. 
The claims follow now from IH. For example, let tp{do) = /\yzA(z)- Then 
tp{d) = tp{do)A[x/T] — AvzA(z) because '^ZA{Z) does not contain any 
free predicate variable. Note that do[0] = D{doo[0]). do[0] is proper, and 
is of the form D{h) for some h by IH, and hence d[0] is proper. 

We show g{d[0]) = g{d)o- By IH 

gid[0]) = S^igidoM)) = S^ig{do)o). 
Indeed by Theorem 5, 

g{d) = {g{do)) = S^{/\l^^^^^{g{do)o)) = AyzACz)^*^^ 

Next we show d[0] h„ T[X/T],yZA{Z), A{Y). By IH, we have do[0] h„ 
T,VZA{Z), A{Y). As remarked above, yZA{Z) docs not contain any free 
predicate variable. Since Y is an eigenvariable in d by Theorem 7.1, it 
follows that X Y hy separation of eigenvariables. Therefore d[0] = 
Sub^{do[0]) h„ r[X/T],yZA{Z),A{Y). 
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7. d = RA{do,di). 

do, and di are proper because d. is proper. We assume that A G A(fp(rfo)), 
and -lA G tp{d\). We consider only few cases. 

(a) A = Aoh Ai. 

tpido) = AaoaAi' tp(di) = ytAov^A, for some k G {0,1}, tp{d) = 
CutAk, d[0] = RA{do[k],di), and c?[l] = RA{do , di[0]) . It is easy to 
show that d[0], d[l\ are proper, and g{d[i]) = g{d)i for i G {0,1} by 
IH, and Theorem 1. 

By IH, wehavedo[A;] T,Ak,Ao^Al, anddi[0] l-„ T, -.Afe, ^qAAi. 
Thus d[0] l-„ r, Afc, and d[l\ l-„ T, -.Afe. Note that rk{A) < dg{d) < 
m by Definition 8. 

Since rk{Ak) < rk{Ao A Ai), it follows that rk{Ak) < dg{d) = 
max{rk{A), dg{do), dg{di)). 

(b) A = yXA. 

tp{do) = AyxA' tp{di) = ^-vxA, tp{d) = f^XvjfA(x)- Let B = 
\/XA{X). Then g{d) is of the following form (cf. Theorem 1): 



r, A{Y),yxA{x) r, -.yxAjx) r,yxA{x) r,Ag,^yxA{x) 



where 5(^0)0 ^ T, and g{do)g h T, Ag, ^VX(X). 

d[0] = i?vxA(rfo[0],di), = RvxA{do,di[q]) for g G |VXA|+. It is 
easy to show that d[0], d[l] are proper. 

We show that gid\i]) = g{d)i for ? e {0} U \iXA\. On the one hand, 

g{d) = 0^(71^(5(4)0, • • • 'JlA{g{da),g{d^\) . . . ) for 5 G |VX^|. 
On the other hand, using IH, 

g{d[Q])=Tl^xA{g{dQ[0\),g{di))=n^xA{g{dQh,g{di)). 

g{d[q]) = nyxA{g{do),g{di[q])) = 7^vxA (5(^0), 5(^1)3(9)) for q G \yXA\+. 

Therefore g{d\i]) = g{d)i for i G {0} U \iXA\. 

By IH, we have rfo[0] h„ T, VXA, A(r), and di [q] h„ T, -NXA{X), A, 
for all g G \\/XA\+. Thus rf[0] h„ V,A{Y), and d[l] l-„ T, A, for all 
q G |VX^|+. □ 




V,A(Y) 



r 



...r,A,... ^ 
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6.3 Proof of the Cut-elimination Theorem for BI 

In this section we prove the cut-ehmination theorem for BI. Assume that 

is a proper, derivation in BI, T{d) is a Il^-sequent and dg{d) = 0. (2) 
Now recall the diagram (1) presented in the Introduction: 

BI : d red{d) 

9 a 

BI" : g{d) 9{red{d)) 

We define this cut-reduction relation red between derivations satisfying (2) 
such that g{red{d)) is the result of taking an immediate subdcrivation of g{d), 
and red{d) corresponds to the result of applying the Gentzen-Takeuti reduction 
steps to d. The first condition says that the relation red satisfies the diagram 
(1). In order to define red, we need the following lemma: 

Lemma 1 If d is a derivation in BI satisfying (2), then tp{d) ^ {Cutc,^}- 

Proof. By Theorem 6, g{d) ho T{d). Thus tp{d) ^ {Cutc,^}- □ 



Let last{d) denote the last inference symbol of d. 



Definition 13 red{d) 

Let (i be a derivation in BI satisfying (2). We define red{d) such that red(d) is 
also a proper derivations in BI, and T{d) = T{red{d)) by induction on d. We 
consider subcases according to tp{d). By Lemma 1, tp{d) ^ {Cutc,^}- Let 
/ = last{d). We consider separately the cases according to whether I = tp{d) 
or not. 



red{d) 



fAxA 

I{red{do)) 

^AoAA^i^^d.{do),red{dl)) 

tp{d){d[Q]) 

tp{d){d[Q],d[l]) 

tp{d){d[i])i^uj 

d[0] 

{d[{Dm),Y)\ 



if tp{d) = Axa; . 

if tp{d) = 1 e {VaovAi. VLa' AvxAJ 



if tp{d) 
if tp{d) 



l\yxA'' 

A. 



if/^tp(d)e{VXvA,,VLA 

if7 7^tp(d) = AAoAA,; 
if/y^tp(d)=AvxA; 

if tp(d) — Rep; 

if tp{d) = ^^^xA(xy 



' Avxa}' 



Remark 9 



1. We explain the last clause. If tp{d) 
form: 



n^, then g{d) is of the following 
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Then d[0] ho T,A{Y). Since T is a n^-sequent, T,A{Y) is also a H^- 
sequent. Therefore we see that q = {D{d[0]),Y) e \yXA{X)\+, and hence 
d[q] ho T{d) by Theorem 7.4. 

2. If satisfies (2), then E, or £'(^-rule has to occur under every cut-rule in 
d. 

3. We see how Definition 13 works in the next section (Theorem 9-16). 

Definition 14 Let d be a derivation I{di)i^\i\ in BI^. Then \d\ (the ordinal 
height of d) is defined by \d\ := sup{\di\ + l)ie|/|. 



Then \d'\ < \d\ if \d'\ is one of the immediate subdcrivations of d. In the 
"essential" cases tp{d) G {Rep,^^}, the height oi g{red{d)) is smaller than one 
of g{d) (Lemma 2). 

Lemma 2 Assume that d satisfies (2), and tp{d) G {R^Pj^X\/xa{x)}' Then 
\g{d)\ > \g{red{d))\, dg{d) > dg{red{d)) and T{d) = V{red{d)). 

Proof. Assume that tp{d) G {Rep^QX^y^^f^-^y^ . Wc show first that \g{d)\ > 
\g{red{d))\. By the assumption and Definition 13, red(d) = d[0] or d[q] for 
q = {D(d[0]),Y). Note that g(red{d)) is one of the immediate subderivation of 
g{d) by Theorem 7.3. Thus it follows that \g{d)\ > \g{red{d))\. 

Next we prove that dg{d) > dg{red{d)) and T{d) = T{red{d)). By Theorem 
7.4, d\i] ho T,Ai{tp{d)) for all i G \tp{d)\. Note that dg{d) = 0. If tp{d) = Rep, 
then red{d) = d[Q\ ho F because Ao{Rep) = cj). 

Utp{d) ^n^y^^f^^y wc have d[q] ho T, A,(f2^y^^(^j) where g = {D{d[0]),Y). 
Again by Theorem 7.3, D((i[0]) ho T,A{Y). Thus A,(0!;y^^(x)) = {r,A(Y)}- 
{A{Y)} = r. Therefore d[q] H T. □ 

Call a derivation d in BI is cut-free if d does not contain Cut, R, and red{d) = 

d. 

Theorem 8 Let d be a proper derivation in BI such that T{d) is a -sequent, 
and dg{d) = 0. Then there exists a cut- free derivation d' in BI such that r{d) = 
T{d'). 

Proof. By induction on 15(^)1. We consider subcases according to tp{d). 
By Lemma 1, tp{d) ^ Cutc,^- 
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1. tp{d) = Rep. 

By Lemma 2, \g{red(d))\ < \g(d)\, and r(red{d)) = T{d) where red{d) = 
(i[0]. By IH, there exists a cut-free derivation (i[0]' such that r(d[0]') = 
V{red{d)). Take d' := q![0]'. Note that red{d') = red{d[Q]') = d[(i\' = d' . 
T{d') = T{d[0]') = r{red{d)) = T{d). 

2. tp{d) = AxA. 

We take Ax a as d'. 

3. d = I{do), and/ = V^oVAi.VLA'AvjfA- 
Note that do is a proper derivation. Using IH, take d' :— /(do)- Note 
that red{d') = red{I{d'o)) = I{red{d'o)) = /(d^) = d'. r(d') = r(/(d^)) = 
r(7(do)) = r(d). 

5- = AAoAAi(c^o,di). 

d'--= AAoAAAd'o,d[). 

6. Zasi(d) ^ ip(d) where tp(d) = Vaov^i- VLa' Avxa- 

By Theorem 7.3, |g(d[0])| < I.g(d)|. Using IH, take d' := ip(d)(d[0]'). Note 
that red(ip(d)(d[0]')) = ip(d)(red(d[0]')) = tp(d)(d[0]') = d'. r(d') = 
r(tp(d)(d[0]')) = r(tp(d)(d[0])) = r(d) by Theorem 7.4. 

7. Zast(d) 7^ tp{d) where ip(d) = A^ioAAr 
Taked':=AAoAA,MO]','i[l]')- 

8. last{d) ^ tp{d) where tp{d) = Ava;A- 
Take d' := Av.A(^W')iea.. 

9. tp(d) = O-^. 

|g(red(d))| < |g(d)|, and r(red(d)) = r(d) by Lemma 2. Recall that 
red(d) = d[q] with g = {D{d[0]),X). By IH, there exists a cut-free deriva- 
tion d[g]' such that r(d[g]') = r(red(d)). Take d' := d[q]' . Note that 
red(d') = red(d[g]') = d[g]' d'. r(d') = r(d[g]') = r(red(d)) = r(d). □ 

Corollary 2 Let d be a proper derivation in BI such that r(d) is a iV^ -sequent. 
Then there exists a cut- free derivation d' in BI such that r(d) = r(d'). 

Proof. Since dg{E^^{dj) = 0, there exists a cut-free derivation d' such that 
r(d) = r(d') by Theorem 8. □ 

Recall that BI~ is obtained from BI by deleting Rq, E, E^^, D, Sub. A deriva- 
tion d in BI^ is cut-free if d does not contain Cut. The cut-elimination theorem 
for BI~ now follows. 
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Corollary 3 Let d be a derivation in BI such that T{d) is a 11^ -sequent. Then 
there exists a cut-free derivation d' in Bf such that T(d) = r(d'). 

Proof. Note that E^{d) is a proper derivation in BI with dg{d) = 0. There- 
fore, by Corollary 2, there there exists a cut-free derivation d' G BI such that 
r(c?) — r(d'). By deleting E, E^, D, Sub from d' , we obtain the required deriva- 
tion. □ 

Remark 10 Corollary 2, and 3 are not just normal form theorems because we 
can record intermediate steps of the cut-elimination as we will see in Theorems 
9-16 in the next section. 

6.4 Connection with Gentzen-Takeuti's Reduction 

In this section, we see that red simulates Gentzen-Takeuti's steps. Especially, 
An informal connection between Takeuti's reduction in [15] and Buchholz's cut- 
reduction for Jl-systems is observed (cf. Theorem 16 and Remark 15). 

Theorem 9 If d = E[Cutc{do,di)) , then red{d) = RciE{do), E{di)), and 
\g{d)\ > \g{redid))\. 

Proof. First 

gid) = g{E{Cutc{do, d,))) = £iCutcig{do), g(di))) = Rep{Rc{£ig{do)),£igid,)))). 

Thus tp{d) — Rep. Thus \g{d)\ > \g{red{d))\ follows from Lemma 2. red{d) = 
d[Q\=Rc{E[d^),E{di)). □ 

Remark 11 Since g{red{d)) = TZc{£[g{do)),£{g{di))), the following diagram 
commutes: 

E{Cutc{do.di)) Rc{E{do),E{d^)) 

Rep{nc{£{g{d^)).£{g{di)))) — ^ nc{£{g{d^)),£{g{d^))) 

Theorem 10 If d = Rc{do,di), and do — Axa, thenred{d) =di, and\g(d)\ > 
\g{redm- 

Proof. First 

g{Rc{do,di)) = n{gido),g{di))) = TZc{AxA,g{di)) ^ Rep{g{di)). 

Hence tp{d) ~ Rep. Thus \g{d)\ > \g{red{d))\ follows from Lemma 2. We have 
red{d) = d[0] = di by Definition 13. □ 

Theorem 11 Assume thatd = -B(i?CoACi (AcoACi ('^ooo, ^ooi), V^^CoV-Ci ('^oio)))- 
Then 
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1. red{d) = Rcf,{E{Rc{g{dQok), g{doi))), E{Rc{g{doo), g{dow)))) , and 

2. \gid)\>\giredid))\. 

Proof. First note that 

= £{Cutck {Tic {g{dook),g{doi)),TZc{g{doo),g{doio)))) 

= Rep{Tlck{£{'JZc{g{dook),g{doi))),£{TZc{g{doa),g{doio))))). 

Thus tp{d) = Rep, and > |(7(reo?((i))| foUows from Lemma 2. We have 

redid) = d[0] = Rc,{E{Rc{g{dook),gidoi))),EiRcig{doo),g{dowm- 

□ 

Remark 12 Note that red{d) corresponds to the result of Gentzen's reduction 
in G. Gentzen [7]. This is essentiaUy observed by W. Buchholz [3] 

Theorem 12 Assume that d = E^{Rci/\c„^cMooo,dQoi),\/tcov^cMoio)))- 
Then 

1. redid) ^E"'+HCutc,{EURcig{dook),g{doi))),EURc{g{doo),gidoio)m 
for m = rkiCk), and 

2. \gid)\>\giredid))\. 
Proof. 

gid) = giEURciA (dooo,rfooi),V'r^ „ n (^"1°)))) 

^ £^igiRci/\ (dooo,rfooi), V n (^oio)))) 

= £UnciA (<?(rfooo),5(c?ooi)),V' „ ^ (5(c«oio)))) 

= £^iCutCf, iTZcigidook), gidoi)), 7^c(s(rfoo), g{doio)))) 

^Repi£"'+\Cutcd£o.incigidook),gidoi))),£U''^cigidoo),gidoio))))))- 

Thus tpid) — Rep, and |(7(c?)| > \giredid)) \ follows from Lemma 2. redid) — d[0] 
where 

d[0]^E"'+HCutc,{E^iRcig{dook),gidoi))),EURcigidoo),gidoio)))))- 

□ 
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Theorem 13 Assume that d = -B(-Rc(AvxCo(x)(^oon)nea;, VL-Co(x)('^oio)))- 
Then 

1. red{d) = Rca{k){E{Rc{dook,doi)),E{Rc{doo,doio))), and 

2. \gid)\ > \g{red{d))\. 

Proof. 

aid) = 5(i^(^c(Av.^„(,/rf00„)„.., VL.Co(x)('^°-)))) 

= £iCutco{k){T^c{9idook), 9{doi)),TZc{g{doo), g{doio)))) 

= RepiUco (k) {£ {T^c {g{dook ),g{doi))),£ {He (5(^00 ) , 5(<^oio ) ) ) ) ) • 

Thus tp{d} = Rep, hence \g{d}\ > \g{red{d))\ follows from Lemma 2. We have 
red{d) = d[0] = Rc,^k){E{Rc{dook,doi)),E{Rc{doo,doio))). □ 

Remark 13 Here red{d) corresponds to Schiitte's cut-elimination step for ui- 
arithmetic. 

Theorem 14 Assume that d = i^a-(-Rc(AvxCo(x)('^oon)new, V3x-Co(x)('^oio)))- 
Then 

1. red{d) = E"'+^Cutc,ik){EURc{g{dook),9{doi))),E^{Rc{g{doo),g{dowm) 
for m = rk{Ck), and 

2. \g{d)\ > \g{red{d))\. 
Proof. 

k 

k 

= £u,{Tlc{A A9{doon))neu„\/ ^ ^ . Agidoio)))) 

= £u;{Cutco{k){'^c{9{dook), 9{doi)),T^c{9{doo), 9{doio)))) 

= i?ep(£'"+i((7ntco(fe)(fc.(7^c(ff(doofc),5(rfoi))),fc.(^c(5(rfoo),5(rfoio)))))). 

Thus tp{d) = Rep, and \g{d)\ > \g{red{d))\ follows from Lemma 2. We have 

redid) = d[0]=E"'+\Cutc,(k){EARc{g{dook),g{doi))),E^{Rc{g{doo),g{doio)m. 

□ 
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Theorem 15 Assume thatd = i?(£'^(fic(AvxCo(X)('^oooo), V3jf^Co(x)('^ooio))))- 
Then 

1. red{d) = D{E^{Rc{dooo, Rco{T){Sub^ {D{E^{Rc{doQoo, dooi))), dooio))))) , 
and 

2. \g{d)\>\gired{d))\. 

Proof. Note that dooo = AvxCo(x) ("^oooo), and dooi = V3x-Co(x)(^ooio)- 
Recall that g replaces i?, E^^, \l%x^Ca(x) ^^^j T^^x^Co(x) transforms 

impredicative cuts into f2. Let q — {dooiq.X) be any element of \iXCo[X)\. 
Then 

5(d) = I?(^:^(7^c(A^^^^(^) (.9(^0000)), . . 7^Co(T)(5^ (dooi,), 5(^0010)) . . . )))) 

= I?(fi^(^^(7^c(ff(c^oooo),5(^^ool)),7^c(5(^^ooo),7^.Co(T)('5T (c'ooig),.9(c^ooio)))))) 
= l?(f2(£■c^(7^c(g(c^oooo), 5(^^001))), (^0(5(^000), 7?.Co(t) {St {dnoiq), g{doQio)))))) 
= i?ep(P(£^(7^c(ff(dooo),7^Co(T)(5^(2?(^^c.(7^c(.9(doooo),5(dool)))),<?(doolo)))))))• 

Thus — Rep, hence \g{d)\ > \g{red{d))\ follows from Lemma 2. Note that 

d[Q]=D{do[{D{do[0]),X)]). (3) 

Since tp{do) = fl,we have do[0] ~ E^{Rc{doooo,dooi)). It is possible to see that 
do[0] ho r,A(X) and {D{do[0]),X) e \\^XA{X)\ + . Let q+ = {D{do[0]), X). 
Then 

do[(i?(do[0]),X)] =i;^(i?c(dooo,dooi[9+]))- (4) 

Now we have dooife^] = Rco{T)iSub^{D{E^{Rc{dooQQ,doQi))),doQio)). Let 
dg+ := D{E^{Rc{dooQo,doQi))). Then dooife"^] = ^Co(t)('5'"&t (^g+ > '^ooio))- 
Therefore we can conclude, using (3) and (4), that 

redid) = d[0] = DiE^iRcidooo,Rc„{T)iSub^idg^),dooiom- 

□ 

Remark 14 

1. Theorem 15 holds even if E^^ in a given derivation d is replaced by 
such that dg{E"'+^{Rc{. ..))) = 0. 

2. Theorem 15 shows that red{d) corresponds to Takeuti's reduction step in 
the case of impredicative cut-elimination ending with D {tp{d) = Rep). 
This fact is essentially observed by W. Buchholz [5] and proved there for 
derivations of empty sequent ("inconsistency") in a weak subsystem of 
n}-analysis which has the strength of IDi. 

3. The next theorem gives an additional informal connection between Gentzen- 
Takeuti method and Buchholz's method (Theorem 16). 
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4. In Theorems 9-15, use of i?ep-rule has played a crucial role in establishing 
that \g{d)\ > \g{red{d))\. Rep is also necessary in order to define tp{d) 
and d[i\. 

Theorem 16 Assume that d = i^"+^(i?c(AvxCo(x)(^ooo), Vax-Co(X)(^oio))) 
/orm + l = rfc(Co(r)). 

1. redid) = E"'+\Rc{doo,Rco{T)iSub^iD{E"'+\RcidoQo.doi))),doiom, 
and 

2. \gid)\>\gired{d))\. 

Proof. See also Remark 15 below. Let dpo = AvxCo(X)('^ooo)i and q = 
{doiq,X) be any element of |VXCo(X)|. By Theorem 6, 

= f"+l(7^c(A^^^^^^^(.9(dooo)),^^(. . .7eco(T)(5?(doi,),.g(doio)) • ■ •)) 

= h{£"'+\TZc{g{dooo), g{doi))), ■ ■ ■ £"'+\TZc{g{d,o), 7^Co(T) (doig), 5(^010)))) • • ■ )• 

Thus tp{d) — il. Hence \g{d)\ > \g{red{d))\ follows from Lemma 2. Let = 
{D{d[0]),X) as in Definition 13. Then 

q+ - {DiE^+\do[0])),X) = iD{E"^+\Rcidooo,doi))),X). 

Let dq+ D{E"'+'^{Rc{dQoo,doi))). Then we have 

redid) = d[q+] = E"'+\do[q+]) - E"'+'{Rc{doo, Rco(T){Sub^ (dg+),doio)))- 
□ 

Remark 15 Now we explain an informal connection between Takeuti's reduc- 
tion in [15j and Buchholz's cut-reduction for fi-systems. For the sake of sim- 
plicity, we write E"'-^^ as if it were a single rule. Using a traditional notation, 
d in Theorem 15 is of the following form: 



r,CoiX),yXCoiX) T,^CoiT),3X^Co{X) T 

VyXCaiX) /\vxc„(x) r,3X-Co(X) V3x.Co(x) 
Rc 

T ^ 

Therefore g{d) is of the following form: 



A„Co(X) 

A„Co(r) r,^Co(T),3X^Co(X) 



r,Co(X),VXCo(X) T,3X^Co{X) ^ V,^XCo(X) ...r,A„3X^Co(X)... 



r,Co(x) 



cm + 1 ' ^ ciTi + l 

. . . i , iAq, ... _ 

F Q. 
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On the other hand, red{d) is of the following form: 



r,Co(x),vxCo(x) r,3x-Co(x) 



r,Co(x) 

77m+l 

r,c„(x) ^ 
r.c,)(x) 



r,ru(A-),VAY":'u(.Y) r.ru(r) r, ^c„(r). ja-^Co(x) 

Rc 

r ^ 

Therefore g{red{d)) is of the following form: 



r,Co(x),vxco(x) r,3x-Co(x) 



r,Co(x) 
r,Co(x) ^ 
r,c7o(x) ^ 



r,Co(x),vxco(x) r,Co(T) r,^Co(r),gx^Co(x) 

7?-c 



m+l 



In the ri-rule at the end of g{d), we have a derivation of F, Ag for each q G 
\\/XCo{X)\. Note that V is a n^-sequent, and {D{E-^+^{Rc{dnm,dQi))),X) G 
|VXCo(X)|+. Let's take (P(£'"+i(^c(ff(dooo),5(4i)))), ^) as g, and T as A,. 
Then the g-th right premise of the fi-rule is g{red{d)), hence a subderivation of 
gid). Thus \g{d)\ > \g{red{d))\ holds. 

This is explained informally as follows. Introducing i7-rule in the process of 
the cut-elimination, we list up every cuts which can possibly occur in the future 
cut-elimination steps, and the result of Takeuti's reduction g{red{d)) is seen to 
be one of such cuts. 



The theorem 9-16 shows that the diagram (1) in the Introduction commutes 
for essential reductions mentioned in these theorems. In particular the size of 
derivation is strictly decreasing in essential reductions: \g{d)\ > \g{red{d))\. 
Therefore the reduction steps red terminate as shown in Theorem 8 because 
other cases can be reduced to these essential case, and g{d) is a well-founded 
tree for each d in BI. 
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